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Abstract
The Kardar–Parisi–Zhang (KPZ) equation is generically expected to describe the scaling properties of rough surfaces growing in the absence of conservation laws. However, very few experimental realizations are known of this universality class. Here we focus on the role of instabilities,
whether of di4usional origin or other, as physical mechanisms hindering the observation of KPZ
scaling. Examples are drawn from various growth processes, such as electrochemical deposition
(ECD), chemical vapor deposition (CVD), and erosion by ion-beam sputtering. We moreover
consider an interface equation which, starting from the corresponding constitutive equations, can
be derived to describe growth by either ECD or CVD depending on the interpretation of the quantities appearing. This approach makes contact with phenomenological parameters, and suggests
that a more generic description of non-conserved growth may be provided by the Kuramoto–
Sivashinsky equation and generalizations thereof. In this case, the experimental scarcity of KPZ
scaling would be due to exceedingly long transients determined by the instabilities that occur.
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1. Introduction
The kinetic roughening of surfaces [1] is a subject of wide interest, due both to
its implications for processes of technological relevance [2– 4], and to the interesting
instances that it o4ers of extended systems evolving in the presence of Guctuations [5].
A very successful theoretical framework for the study of rough interfaces has been
the use of stochastic growth equations for the interface height. Among these, the one
proposed by Kardar, Parisi and Zhang (KPZ) [6] has played a prominent role, since in
particular it has allowed to make connections to other physical problems, like directed
polymers in disordered media or randomly stirred Guids [1]. Denoting by h(r; t) the
surface height at time t above position r on a reference substrate plane, the KPZ
equation is the simplest nonlinear coarse-grained description of a surface growing (or
eroding) at a constant average rate v along the local normal direction, and reads
@h
v
= v + ∇2 h + (∇h)2 + (r; t) ;
@t
2

(1)

where  is a positive constant, and (r; t) is an uncorrelated Gaussian noise representing Guctuations, e.g., in a Gux of depositing particles. Thus, the KPZ equation was
postulated to describe generically the dynamics of surfaces growing in the absence
of additional conservation laws, and is thus expected to be relevant to such diverse
physical growth systems as erosion by low energy ion-beam sputtering (IBS) [2],
electrochemical deposition (ECD) [4] or chemical vapor deposition (CVD) [3]. The
generality of KPZ scaling would be a consequence of the phenomenon of universality
observed for the scaling properties of rough surfaces.
However, despite some attempts at measuring KPZ scaling in, e.g., IBS [7] or ECD
[8], to date very few experiments have been reported which are unambiguously described by the KPZ equation [9 –11]. The identiIcation of the physical mechanisms
responsible for this paradoxical (termed “anomalous” in some early studies of kinetic
roughening) non-KPZ scaling behavior has been complicated by two main reasons:
on the one hand, while detailed derivations of the KPZ equation have actually been
achieved, they apply to discrete or continuous theoretical models [12] which are indirectly related with experiments, or else the derivations themselves need resort to
approximations which are not free from ambiguities. 1 On the other hand, symmetry
arguments such as those leading to the KPZ equation do not enable a detailed connection with phenomenological parameters describing speciIc experimental systems.
These facts have led to invoking additional e4ects on a coarse-grained level, such as
speciIc noise statistics, non-local e4ects, etc. [1], in order to account for the di4erence
between the observed and the predicted scaling behaviors of rough surfaces. However,
a wide range of scaling exponents ensued, there being no theoretical argument that
could identify the correct exponents for a speciIc growth experiment.
Physically, many of the experimental growth systems expected to be in the KPZ universality class—and which seem to fail such expectations—feature dynamical
1

This is the case in some works employing the master equation, as discussed in Ref. [13].
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instabilities leading to development of large slopes on the surface, and even to the
production of characteristic surface features whose presence breaks scale invariance. A
prototype example is IBS, where standard experimental conditions lead to the production of nanometric ripples [14] or dots [15] on the surface at short and intermediate
times. Actually, it has been possible to derive [16] the relevant interface equation for
these experiments, which for ions bombarding the target at perpendicular angles reads
@h
IBS
= −|vIBS | − |IBS |∇2 h − KIBS ∇4 h +
(∇h)2 + (r; t) ;
@t
2

(2)

the constants vIBS ; IBS , KIBS and IBS being in this case functions of phenomenological quantities, such as the angle of incidence, ion energy, ion penetration depth, etc.
Eq. (2) is the noisy generalization of the Kuramoto–Sivashinsky (KS) equation [17].
The KS equation has been seen to describe other dynamic processes such as Game
front propagation or chemical turbulence [17], or terrace growth in epitaxial systems
[18]. Eq. (2) displays a linear instability at short times, there being a most unstable
Fourier mode which induces the observed [14,15] periodic array of ripples or cells.
At very long times, scale invariance is restored, the values of the scaling exponents
being—at least for a one-dimensional substrate—those of the KPZ universality class
[19]. Hence, the speciIc example of IBS suggests transients due to instabilities as a
physical reason for the diNculty in observing the asymptotic KPZ scaling, even if it
should occur, since probing asymptotic times may well lie beyond experimental capabilities. For instance, in the CVD experiment in Ref. [11], deposition runs up to 2 days
long had to be carried out in order to conIrm KPZ behavior, which is both unusual
and almost prohibitive. The IBS example illustrates another important fact: trying to
assess the origin of non-KPZ behavior implies addressing pre-asymptotic features of
the growth process under study. Hence, symmetry arguments do not suNce to derive
the interface equation of motion, since contributions which are very important in the
early dynamics can be overlooked. For instance, in the IBS system symmetry suggests
a simple KPZ description [20], which misses the correct negative sign of the linear
Laplacian term in (2) accounting for the physical ripple instability.
2. Unied equation for CVD and ECD: a stochastic moving boundary problem
Inspired by the example of IBS, one may wish to reconsider other growth techniques,
such as CVD and ECD, for which KPZ scaling is expected to be relevant. These two
types of experiments are conceptually similar, their simplest representations [21,22]
being essentially as processes in which particles from a vapor (CVD) or solution
(ECD) di4use until they react at an aggregate (CVD) or cathode (ECD) surface, onto
which they stick leading to growth. This similarity can be made more precise, to such
an extent that the moving boundary problem [23] posed by the system of equations
@t c = D∇2 c − ∇ · q ;

(3)

0
D∇c · n = kD (c − ceq
+  + )|s + q · n ;

(4)
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Table 1
Summary of the most important parameters in model (3) – (6) with their interpretations in CVD and ECD,
and some references to precise deInitions
Parameter

CVD

ECD

c
D
kD

0
ceq

B
ca

Vapor particle concentration
Di4usion coeNcient
Mass transport coeNcient
Surface tension coeNcient
Equilibrium concentration at surface
Molar volume
Surface di4usion coeNcient [21]
Particle concentration across stagnant layer

Cation concentration
Ambipolar di4usion coeNcient [22]
Cationic reaction rate [23]
Idem [23,24]
Idem [23,24]
Idem [23,24]
Idem [23,24]
Cation concentration at anode

v · n = (D∇c − q) · n − B∇2s  − ∇s · p ;

(5)

lim c(x; z; t) = ca

(6)

z→∞

can be seen [23] to describe both CVD and ECD growth, as long as the quantities
appearing in (3) – (6) are interpreted following Table 1. In the equations above,  is the
surface mean curvature, n the local surface normal unit vector, v the aggregate growth
velocity, and the subscript s indicates a quantity which is evaluated at the surface.
The noise terms q; p, and  represent Guctuations in the di4usion current, the surface
di4usion current, and the growth events, respectively [18,23].
Eqs. (3) – (6) are notoriously diNcult to solve due to the non-linear coupling between
the concentration c and the moving boundary. Notwithstanding, one can obtain perturbatively an equation for the aggregate height (x; t) in the comoving frame. Details
of the calculation can be found in Refs. [23,24]. The result (in Fourier space for the
substrate coordinate x) is
V
@t k (t) = f(k)k (t) + N []k + k (t) ;
(7)
2
0
)−1] is the average growth rate, N []k is the Fourier transform
where V =kD [(ca −ceq
2
of N [] = (@x ) , i.e., the KPZ non-linear term in (1), and f(k) is the linear dispersion
relation of Eqs. (3) – (6), which takes di4erent functional forms depending on the values
of the mass transfer coeNcient kD , as seen below. Moreover, k is a noise term induced
by the Guctuations q; p and , with correlations

k (t)k  (t  ) = 2D0 (k)(k + k  )(t − t  ) ;

(8)

where D0 (k) is a function of k whose lowest order contributions account for both conserved and non-conserved noise in (7). Hence we can classify the behavior predicted by
Eqs. (3) – (6) according to the relative value of kD (which has velocity units) and the
other characteristic velocity of the system, V . The coeNcient kD depends on the probability that a given di4using particle sticks to the aggregate. The boundary condition (4)
appears (for q ≡ 0) in di4usion problems when the arriving particles do not attach deterministically to the aggregate, but rather with a sticking probability s. In such a case, it
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can be shown that [25]:
s
DL−1
kD =
mfp ;
2−s

(9)

where Lmfp is the particle mean free path. Assuming Lmfp is suNciently small, one
has two limits in the above equations: when the sticking probability vanishes then
∇c = 0, so the aggregate does not grow. On the contrary, if the sticking probability is
close to unity, kD is very large and Eq. (9) reduces to the Gibbs–Thompson relation
[26]. In the following we will consider that the capilarity length, d0 (which is typically of order 10−7 –10−6 cm) is much smaller than the di4usion length, lD = D=V 
10−1 –10−2 cm.
2.1. Non-instantaneous surface kinetics (kD V )
In this case the dispersion relation is f(k)  k 2 − Kk 4 , where  and K are related
with the system parameters [23]. This dispersion relation is precisely that of the KS
equation (2). The unstable dynamics followed by asymptotic KPZ scaling, characteristic
of the KS equation, has been actually observed in ECD experiments with Ag deposits
performed in Ref. [10]. From the experimental parameters, it can be estimated that kD 
5 × 10−8 cm s−1 , which is much smaller than V  2 × 10−4 cm s−1 , consistent with
the assumption of non-instantaneous surface kinetics. Also, in the CVD experiments
in Ref. [11], the low sticking condition is observed to induce asymptotic KPZ scaling,
but only after a very long unstable transient.
2.2. Instantaneous surface kinetics (kD V )
In this case f(k)  V |k|−Vd0 lD |k|3 . This is the well-known Mullins–Sekerka dispersion relation [26], that appears in many other di4usive problems like solidiIcation and,
what is more signiIcative, in several ECD experiments like [8,27]. Nevertheless, these
experiments were made at constant overpotential instead of constant current density,
which is one of the hypothesis made in proposing (3) – (6). A similar experiment—
but using a constant current density—was made in Ref. [28], for which the equations
above can predict the interface scaling behavior. In this case, the authors observed an
initial transient characterized by non-KPZ scaling, followed by unstable growth with
a Mullins–Sekerka dispersion relation. Due to a slow growth rate, surface di4usion is
relevant in this experiments, hence f(k)=V |k|(1−d0 lD k 2 )−Bk 4 , where B was deIned
in Table 1. With these parameters, one can integrate numerically Eq. (7) [23,24], to
obtain good agreement with the experimental observations.
As mentioned above, kD is related with the sticking probability through Eq. (9). The
sticking probability acts as a noise reduction parameter [29] in discrete growth models,
as was shown in Ref. [30] for the multiparticle biased di4usion limited aggregation
(MBDLA) model, used to study ECD growth. In particular, MBDLA was able to
describe quantitatively the morphologies obtained in Ref. [10] as can be seen in Fig. 1.
In MBDLA, by reducing the sticking probability the asymptotic KPZ scaling is more
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Fig. 1. Left: Electrochemical deposits of Ag from Ref. [10], by kind permission of the authors. Right:
MBDLA simulations after Ref. [30].

readily achieved, reducing the importance of pre-asymptotic unstable transients. Hence,
noise reduction is not a mere computational tool for discrete models but, rather, it is
intimately connected with the surface kinetics via Eqs. (4) and (9).
3. Conclusions and outlook
Summarizing, we have illustrated that instabilities appear rather generically in nonconserved surface growth, this occurring as long as the di4usion length lD is larger than
the capilarity length d0 , and independently of the sticking probability at the interface.
Nevertheless, the mass transfer coeNcient does control both the type of linear dispersion
relation and the extent of the transients associated with the instabilities. In deriving a
universal equation of motion it then seems that a more accurate—in the sense that more
qualitative features are accounted for, like the existence of instabilities—description
is provided by the noisy KS equation and its generalizations (including anisotropy
[16], Mullins–Sekerka dispersion relation [23,24]), instead of the KPZ equation. For
the case of CVD and ECD, we have seen that connection with phenomenological
parameters can be achieved through a moving boundary problem into which Guctuations
are incorporated. Moreover, this formulation permits a connection with discrete models
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to be made. Thus, the kinetic mass transfer parameter kD appears as the physical
representation of noise reduction parameters.
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